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Abstract 

In this paper we enrich the orthomodular structure by adding a modal 
operator, following a physical motivation. A logical system is devel- 
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Introduction 

In their 1936 seminal paper [1], Birkhoff and von Neumann made the pro- 
posal of a non-classical logic for quantum mechanics founded on the ba- 
sic lattice-order properties of all closed subspaces of a Hilbert space. This 
lattice-order properties are captured in the orthomodular lattice structure. 
The orthomodular structure is characterized by a weak form of distributivity 
called orthomodular law. This "weak distributivity", which is the essential 
difference with the Boolean structure, makes it extremely intractable in cer- 
tain aspects. In fact, a general representation theorem for a class of algebras, 
which has as particular instances the representation theorems as algebras of 
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sets for Boolean algebras and distributive lattices, allows in many cases and 
in a uniform way the choice of a Kripke-style model and to establish a direct 
relationship with the algebraic model [21]. In this procedure the distribu- 
tive law plays a very important role. In absence of distributivity this general 
technique is not applicable, consequently to obtain Kripke-style semantics 
may be complicated. Such is the case for the orthomodular logic. Indeed, 
in [12], Goldblatt gives a Kripke-style semantic for the orthomodular logic 
based on an imposed restriction on the Kripke-style semantic for the or- 
thologic. This restriction is not first order expressible. Thus the obtained 
semantic is not very attractive. In [20], Miyazaki introduced another ap- 
proach to the Kripke-style semantic for the orthomodular logic based on 
the representation theorem by Baer semigroups given by Foulis in [11] for 
orthomodular lattices. In this way a Kripke-style model is obtained whose 
universe is given by semigroups with additional operations. 

Several authors added modal enrichments to the orthomodular structure 
based on generalizations of classic modal systems [7, 13, 14], or generalization 
of quantifiers in the sense of Halmos [15]. In [9] and [10], we have introduced 
an orthomodular structure enriched with a modal operator called Boolean 
saturated orthomodular lattice. This structure has a rigorous physical moti- 
vation and allows to establish algebraic- type versions of the Born rule and 
the well known Kochcn-Specker (KS) theorem [18]. 

The aim of this paper is to study this structure from a logic-algebraic 
perspective. The paper is structured as follows. Section 1 contains gener- 
alities on universal algebra, orthomodular lattices and Bacr ^-semigroups. 
In section 2, the physical motivation for the modal enrichment of the or- 
thomodular structure is presented. In section 3 we introduce the class of 
Boolean saturated orthomodular lattices OMjOP and we prove that this 
class conforms a discriminator variety. In section 4, a Hilbcrt-stylc calcu- 
lus is introduced obtaining a strong completeness theorem for the variety 
OMjOP. Finally, in section 5, we give a representation theorem by means 
of a sub-class of Baer ^-semigroups for OM.C°. This allows to develop a 
Kripke-style semantic for the calculus of the precedent section following the 
approach given in [20] . A strong completeness theorem for these Kripke-style 
models is also obtained. 
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1 Basic notions 



Wc freely use all basic notions of universal algebra that can be found in 
[3]. If ii' is a class of algebras of the same type then we denote by V{K) 
the variety generated by K. Let ^ be a variety of algebras of type a. We 
denote by Termj^ the absolutely free algebra of type u built from the set 
of variables V = {xi, X2, ■■■}■ Each element of Term_A is referred to as a 
term. We denote by Comp{t) the complexity of the term t. Let A E A. 
If t G Term^ and ai, . . . , € A, by t"^(ai, . . . , a„) we denote the result 
of the application of the term operation t^ to the elements ai, . . . ,a„. A 
valuation in A is a map v : V ^ A. Of course, any valuation f in ^ can 
be uniquely extended to an ^-homomorphism v : Ternij^ ^ ^ in the usual 
way, i.e., if ii, . . . ,i„ G Term^ then v{t{ti, . . .,tn)) = (ii), . . . , 
Thus, valuations are identified with ^-homomorphisms from the absolutely 
free algebra. If t,s G Term^, \=a t = s means that for each valuation v in 
A, v{t) = v{s) and \=_a t = s means that for each A E A, \=a t = s. We 
denote by Con{A) the lattice of congruences of A. A discriminator term for 
A is a term t{x, y, z) such that 



The variety ^ is a discriminator variety iff there exists a class of algebras 
K with a common discriminator term t{x, y, z) such that A = V{K). 

Now we recall from [17] and [19] some notions about orthomodular lat- 
tices. A lattice with involution [16] is an algebra {L, V, A, -i) such that 
(L, V, a) is a lattice and is a unary operation on L that fulfills the follow- 
ing conditions: -i-ix = x and -i(x V y) = ^x A ^y. Let L = {L, V, A, 0, 1) be 
a bounded lattice. Given a, b, c in L, we write: (a, 6, c)D iff (a V 6) A c = 
(a A c) V (6 A c); (a, b, c)D* iff (a A 6) V c = (a V c) A (6 V c) and (a, b, c)T iff 
(a, 6, c)D, (a,b,c)D* hold for all permutations of a, 5, c. An element z of a 
lattice L is called central iff for all elements a,b £ L we have (a, b, z)T. We 
denote by Z{L) the set of all central elements of L and it is called the center 
of L. Z{L) is a Boolean sublattice of L [19, Theorem 4.15]. An orthomod- 
ular lattice is an algebra (L, A, V, 0, 1) of type (2,2,1,0,0) that satisfies 
the following conditions 

1. (L, A, V, -1, 0, 1) is a bounded lattice with involution, 

2. xA-.x = 0. 
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3. X V {-'X A (x V y)) = x V y 

We denote by OMC the variety of orthomodular lattices. An important 
characterization of the equations in OMC is given by: 

\=MOC t = s iff \=MOC (i A s) V (-.t A -.s) = 1 (1) 

Therefore we can safely assume that all OA^>C-equations are of the form 
t = 1, where t G TermoMC- 

Remark 1.1 It is clear that this characterization is maintained for each 
variety A such that there are terms of the language of A defining on each 
A e A operations V, A, 0,1 such that L{A) = V, A, 0, 1) is an 
orthomodular lattice. 

Proposition 1.2 [19, Lemma 29.9 and Lemma 29.16] Let L be an ortho- 
modular lattice then we have that: 

1. z E Z{L) if and only if a = {a A z) V {a A -iz) for each a E: L. 

2. If L is complete then, Z{L) is a complete lattice and for each family 
(zi) in Z{L) and a E L, a A\J z-i = \J{a A zi). □ 

Now we recall from [11], [19] and [20] some notions about Baer *-semigroups. 
A * -semigroup is an algebra (G, 0) of type (2, 1,0) that satisfies the fol- 
lowing equations: 

1. {G, ■) is a semigroup 

2. 0-x = x-0 = 0, 

3. {x ■ y)* = y* ■ X*, 

4. X** = X. 

Let G be a *-semigroup. An element e G G is a projection iff e = e* = e-e. 
The set of all projections of G is denoted by P{G). Let M be a non empty 
subset of G. If X e G we define x-M = {x-mGG:me M} and 
M ■ X = {m ■ X E G : m E M}. Moreover x is said to be a left annihilator 
of M iff X • M = {0} and it is said to be a right annihilator of M iff 
M • X = {0}. We denote by the set of left annihilators of M and by M'' 
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the set of right annihilators of M. A *-semigroup is called Baer * -semigroup 
iff for each x E G there exists e E G such that 

{xY = {yeG:x-y = 0} = e-G 

We do not assume in general that any e G P{G) can be represented 
as {xY = e • G for some x € G. Thus we say that e G P{G) is a closed 
projection iff there exists x e G such that {x}'' = e -G. The set of all closed 
projections is denoted by Pc{G). Let G be an orthomodular frame. From 
[19, Lemma 37.2], for each x £ G there exists a unique projection Cx G P{G) 
such that {xY = e ■ G. We denote this Cx by x'. Moreover 0' is denoted as 
L We can define a partial order {P{G), <) as follows: 

e < / e • / = e 

Proposition 1.3 Lei G be a Baer * -semigroup. For any ei,e2 G Pc(G); «;e 

1- e<f iff e-GCf-G [19, Theorem 37.2] 

2. x-l = l-x = x [19, Theorem 37.4] □ 

Theorem 1.4 [19, Theorem 37.8] Let G be a Baer ^-semigroup. For any 
61,62 G Pc{G), we define the following operation: 

1. ei A 62 = ei • (62 • 6l)', 

2. ei V62 = (6'i Ae^)'. 

t/ien (Pc(G), A, V,' , 0, 1) is an orthomodular lattice with respect to the order 
{PiG),<). □ 

On the other hand we can build a Baer ^-semigroup from a partial or- 
dered set. Let {A, <) be a partial ordered set. If ip : A ^ Ais an order homo- 
morphism then, a residual map for (p is an order homomorphism (p'^ : A —>■ A 
such that {(f o (p'^){x) < X < {(p'^ o (p){x) where o is the composition of order- 
homomorphisms. We denote by G{A) the set of order-homomorphisms in A 
admitting residual maps. If we consider the constant order-homomorphism 
9, given by 6{x) = 0, then 9 G G{A) and {G{A), o, 9) is a semigroup. 

Theorem 1.5 [11, Theorem 8] Let A be an orthomodular lattice and we 
consider the semigroup {G(A),o,9). If for each ip G G{A) we define ip* as 
(p*{x) = -iip\-ix) then we have that: 
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1. {G{A),Oj-k^6) is a Baer * -semigroup, 

2. if we define iJLa{x) = (x V -la) A a for each a ^ A then Pc{G{A)) = 
{^a--ae A}, 

3. f : A ^ Pc{G{A)) such that f{a) = jia is a OMC-homomorphism. □ 

2 Physical motivation of the modally enriched or- 
thomodular structure 

In the usual terms of quantum logic, a property of a system is related to 
a subspacc of the Hilbert space Ti, of its (pure) states or, analogously, to 
the projector operator onto that subspace. A physical magnitude M. is 
represented by an operator M acting over the state space. For bounded self- 
adjoint operators, conditions for the existence of the spectral decomposition 
M = YliO-i^i = X arc satisfied. The real numbers are 

related to the outcomes of measurements of the magnitude M. and projectors 
loj >< aj| to the mentioned properties. Thus, the physical properties of the 
system are organized in the lattice of closed subspaces C{H). Moreover, 
each self-adjoint operator M has associated a Boolean sublattice Wm of 
L(H) which we will refer to as the spectral algebra of the operator M. 

Assigning values to a physical quantity M is equivalent to establishing 
a Boolean homomorphism v : Wm 2, being 2 the two elements Boolean 
algebra. Thus we can say that it makes sense to use the "classical discourse" 
-this is, the classical logical laws are valid- within the context given by M. 

One may define a global valuation of the physical magnitudes over C{T-l) 
as a family of Boolean homomorphisms : Wi '^)iei such that Vi \ 
Wi n Wj = Vj I Wi n Wj for each i,j <E I, being {Wi)i(zj the family of 
Boolean sublattices of C{TC). This global valuation would give the values 
of all magnitudes at the same time maintaining a compatibility condition in 
the sense that whenever two magnitudes shear one or more projectors, the 
values assigned to those projectors are the same from every context. As we 
have proved in [8], the KS theorem in the algebraic terms of the previous 
definition rules out this possibility: 

Theorem 2.1 If TC is a Hilbert space such that dimiTi) > 2, then a global 
valuation over C{l-L) is not possible. □ 

This impossibility to assign values to the properties at the same time sat- 
isfying compatibility conditions is a weighty obstacle for the interpretation 
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of the formalism. B. van Fraassen was the first one to formally include the 
reasoning of modal logic to circumvent these difficulties presenting a modal 
interpretation of quantum logic in terms of its semantical analysis [22]. In 
our case, the modal component was introduced with different purposes: to 
provide a rigorous framework for the Born rule and mainly, to discuss the 
restrictions posed by the KS theorem to modalities [9]. 

To do so we enriched the orthomodular structure with a modal operator 
taking into account the following considerations: 

1) Propositions about the properties of the physical system are inter- 
preted in the orthomodular lattice of closed subspaces of the Hilbert space 
of the (pure) states of the system. Thus we will retain this structure in our 
extension. 

2) Given a proposition about the system, it is possible to define a context 
from which one can predicate with certainty about it together with a set of 
propositions that are compatible with it and, at the same time, predicate 
probabilities about the other ones (Born rule). In other words, one may 
predicate truth or falsity of all possibilities at the same time, i.e. possibilities 
allow an interpretation in a Boolean algebra. In rigorous terms, for each 
proposition P, if we refer with OP to the possibility of P, then OP will be 
a central element of a orthomodular structTire. 

3) If P is a proposition about the system and P occurs, then it is trivially 
possible that P occurs. This is expressed as P < OP. 

4) Assuming an actual property and a complete set of properties that 
arc compatible with it determines a context in which the classical discourse 
holds. Classical consequences that are compatible with it, for example prob- 
ability assignments to the actuality of other propositions, shear the classical 
frame. These consequences are the same ones as those which would be ob- 
tained by considering the original actual property as a possible one. This is 
interpreted in the following way: if P is a property of the system, OP is the 
smallest central element greater than P. 

Prom consideration 1) it follows that the original orthomodular structure 
is maintained. The other considerations are satisfied if we consider a modal 
operator O over an orthomodular lattice L defined as Oa = Min{z € Z{L) : 
a < z} with Z{L) the center of L under the assumption that this minimum 
exists for every a E L. In the following section we explicitly show our 
construction. Por technical reasons this algebraic study will be performed 
using the necessity operator □ instead of the possibility operator O. As 
usual, it will be then possible to define the possibility operator from the 
necessity operator. 
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3 Orthomodular structures and modality 

Definition 3.1 Let A be an orthomodular lattice. We say that A is Boolean 
saturated if and only if for all a G ^ the set {z € Z(A) : z < a} has a 
maximum. In this case such maximum is denoted by □(a). 

Example 3.2 In view of Proposition 1.2, orthomodular complete lattices 
considering e(a) = \/{z G Z{L) : z < a} as operator, are examples of 
boolean saturated orthomodular lattices. 

Proposition 3.3 Let A he an orthomodular lattice. Then A is boolean sat- 
urated iff there exists an unary operator □ satisfying 

51 nx<x 

52 ni = l 

53 aox = ax 

54 a{x Ay) = a{x) A □(y) 

55 y ={y A Dx) V (y A -.Dx) 

56 □(x V Dy) = Dx V □?/ 

57 □(-.X V (y A x)) < -.Dx V Dy 

Proof: Suppose that A is is Boolean saturated. SI), S2) and S3) are triv- 
ial. S4) Since x Ay < x and x Ay <y then □(x Ay) < □(x) A □(y). For 
the converse, □(x) < x and □(y) < y, thus □(x) A □(y) < □(x A y). S5) 
Follows from Proposition 1.2 since n(x) G Z{A). S6) For simplicity, let 
z = Dy. Prom the precedent item and taking into account that z G Z(L) 
we have that a{z V x) A □(-■z V x) = a{{z V x) A (-.z V x)) = □(x). Since 
-<z < □(-12; V x) then we have that l = z\/-iz<z\/ □(-•z V x). Also we 
have z < □(z V x). Finally z V □(x) = (z V □(z V x)) A (z V □(-■z V x)) = 
(z V □(z V x)) A 1 = □(z V x) i.e. □(x V Dy) = Dx V Dy. S7) Since 
□ (x) < X then -ix < -iDx, we have that -ix V (y A x) < -iDx V y. Using the 
precedent item □(-ixV(yAx)) < □(-•□xVy) = -iDxVDy since -iDx G Z{A). 

For the converse, let a G A and {z G Z{A) : z < a}. By 5*1 and 5*5 it 
is clear that Qa G {z G Z(A) : z < a}. We see that Oa is the upper bound 
of the set. Let z G Z{A) such that z < a then 1 = -iz V (a A z). Using S'2 
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and 57 we have 1 = □! = □(-■z V (a A z)) < -iDz V a = -iz V a. Therefore 
z = zA {-iz V Da) and since z is central z = zAUa resulting z < Da. Finally 
□a = Maa;{z G Z(^) : z < a}. □ 

Note that the operator □ is an example of quantifier in the sense of 
Janowitz [15]. 

Theorem 3.4 The class of Boolean saturated orthomodular lattices consti- 
tutes a variety which is axiomatized by 

1. Axioms of OM.C, 

2. S1,...,S7. 

Proof: Obvious by Proposition 3.3 □ 



Boolean saturated orthomodular lattices are algebras {A, A, V, 0, 1) 
of type (2, 2, 1, 1, 0, 0). The variety of this algebras is noted as OAiC'^ . By 
simplicity, the set TermQj\4£p will be denoted by TermP. Since OM.C is 
a reduct of OM.C° we can also suume that all OA^^C^-equations are of 
the form t = 1. It is well known that OAiC is congruence distributive 
and congruence permutable. Therefore if A G OMC^ and we consider 
the OML-reduct of A it is clear that ConoM£p{-^) ^ ConoMc{A) result- 
ing A congruence distributive and congruence permutable in the sence of 
OA^>C°-congruences. Hence the variety OMC° is congruence distributive 
and congruence permutable. The following lemma gives basic properties 
that will be used later: 

Lemma 3.5 Let A G OM.C° and a, 6 G ^ and zi,Z2 G Z{A). Then we 
have: 



1. -iDa Va = I, 

2. -.(a V -.6) V (a V -.□&) = 1, 

3. ^{-^zi V Z2) V ((^(zi V a) V (2:2 V a) = 1 

4. Da V 06 < U{ayh), 

5. (^Da A -.Db) V U{a V 6) = 1, 

6. if X < y then Ox < Dy. 
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Proof: 1) Since Ua < a then -la < -iDa and l = aV-ia<aV -iDa. 

2) Since -iDb G Z{A) and by item 1 we have that -i(a V -.6) V (a V -.D^) = 
(-■aA6)V(aV^n6) = ((^aV^Dft) A(6V^n6)) Va = ((^aV^Dfe) Al) Va = 1. 

3) -^{^zi V 22) V {{^{zi V a) V (z2 V a) = ^((^2:1 V Z2) A (zi V a)) V (^2 V a) = 
^((^zi A a) V (zi A Z2) V (2:2 A a)) V (^2 V a) = ((zi V ^a) A (^Zi V ^2:2) A (-.22 V 
-la)) V {Z2 V a) = ((zi V V Z2) A (^^2 V V Z2) A (^^2 V V 22)) V a = 
2;i V -la V 2:2 V a = 1. 4) Da < a and < 6, Da V < a V 6. Since 

□ a V G Z(^) it is clear that Da V < □(a V 6). 5) Immediately 
from item 4. 6) Suppose that x < y then x = x Ay. By Axiom 5*4 we 
have that Dx = □(x A y) = Dx A Dy), hence Dx < Oy. □ 

Lemma 3.6 Let A G OA^i2° and z G Z{A). Then the binary relation 62 
on ^ defined by aQ^b iff a A z = b A z is a congruence on A, such that 
A ^ A/@^ X A/e^;,. 

Proof: It is well known that @z is a 0A^£-congruence and A is OMjC- 
isomorphic to A/Qz>^A/Q^z- Therefore we only need to see the □-compatibility. 
In fact: suppose that aQzb then a A z = b A z. Therefore □(a) A z = 

□ (a) A a{z) = a{a A z) = a{b A z) = □(&) A n{z) = a{b) A z. Hence 
n{a)ezD{b). □ 

Proposition 3.7 Let A G OM-C'^ then we have that: 

1. The map z ^ Qz is a lattice isomorphism between Z{L) and the 
Boolean subalgebra of Con{L) of factor congruences. 

2. A is directly indecomposable iff Z{A) = {0,1}. 

Proof: 1) Follows from Lemma 3.6 using the same arguments that prove 
the analog result for orthomodular lattices [2, Proposition 5.2]. 2) Follows 
form item 1. □ 

Proposition 3.8 Let A be a directly indecomposable OM.C^ -algebra. Then 

t{x, y, z) = {x A -.□((x Ay)y (-.x A -.y))) V (z A □((x A y) V (^x A ^y))) 

is a discriminator term for A. 

Proof: By Proposition 3.7, Z{A) = {0, 1}. Therefore for each a G ^- {1}, 

□ (a) = 0. Let a,b,c G A. Suppose that a ^ b. By the characterization of 
the equations in OMC'^ we have that (a A 6) V (-la A -16) 7^ 1 and then 
t(a, b, c) = a. If we suppose that a = b then it is clear that t(a, b, c) = c. 
Hence t{x, y, z) is a discriminator term for A. □ 
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Proposition 3.9 If A is a subvariety of OM.C then A is a discriminator 
variety. 

Proof: Let SI_a be the class of subdirectly irreducible algebras of A. Each 
algebra of S*/^ is directly indecomposable. Therefore by Proposition 3.8 
SIj, admit a common discriminator term. Since A = V(S'7^) we have that 
^ is a discriminator variety. □ 

4 Hilbert-style calculus for OMC^ 

In this section we build a Hilbert-style calculus {TernP^ h) for OM.C°. We 

first introduce some notation, a G TermP is a tautology iff \=oMC° « = 1- 
Each subset T of Term^ is referred as theory. If f is a valuation, v{T) = 1 
means that f (7) = 1 for each 7 G T. We use T \=oMC° (read a is semantic 
consequence of T) in the case in which when v{T) = 1 then v{a) = 1 for 
each valuation v. 

Lemma 4.1 Let 7 and a G TermP. Then we have 
1. If V is a valuation then v{a,) = 1 iff viOa) = 1. 
^- 7 \=OMC° aiff ^oMC° °a °7 hoMCP " °7 HoX£° 

Proof: 1) If v(q) = 1 then 1 = Dl = n{v{a)) = v{da). The converse 
follows from the fact 1 = v{Ua) = U(v{a)) < v{a). 2) Immediate from 
the item 1. □ 

Definition 4.2 Consider by definition the following binary connective 

aRj3 for (a A /?) V (^a A 
The calculus {TermP ,\-) is given by the following axioms: 
AO \R{a V -^a) and Oi?(Q; A -.a), 
Al ai?a, 

A2 -^{aR^) V (-(/3-R7) V (ai?7)), 

A3 -(ai?/3) V (-ai?-/3), 

A4 ^(ai?/3) V ((a A 7)i?(^ A 7)), 
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A5 {a A(3)R{(3 Aa), 

A6 (a A (/3 A j))R{{a A /?) A 7), 

A7 (a A (a V /?))i?a, 

A8 {^a Aa)R{{^a Aa) A 13), 

A9 aR^-ia, 
AlO ^(a V/3)i?(^a A^/3), 
All (a V (-.a A (a V /3))i?(a V 
A12 {aRI3)R{l3Ra), 
A13 V(-aV/3), 
A14 (□aVa)i?a, 
A15 0(0 V^a)i?(a V-.a), 
A16 naaRUa, 
A17 0(0 A^)i?(nQ; A D^), 
A18 ((a A □/?) V (a A -.□/3))i?a, 
A19 □(« V^n/3)i?(na 
A20 0(0 V □/3)i?(na V □/?), 

A21 {a{-^a V (/? A a)) V (^Da V □/?))i?(^na V □/?), 
A22 ^(aV-./?) V(aV-.n^), 
A23 ^(7 V ^P) V V a) V (7 V a)), 
A24 □(« V/3) V (^Da A^n/3). 
and the following inference rules: 

a, -la V /? /T^n\ 
— disjunctive syllogism (Db) 

a 

, necessitation (NJ 
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Let T be a theory. A proof from T is a sequence in TerwP 

such that each member is either an axiom or a member of T or follows from 
some preceding member of the sequence using DS ox N. T \- a means that 
a is provable in T, that is, a is the last clement of a proof from T. If T = 0, 
we use the notation h a and in this case we will say that a is a theorem 
of {TermP , h) . T is inconsistent if and only if T h a for each a G TermP ; 
otherwise it is consistent. 

Proposition 4.3 Let T he a theory and a,l3,'^ ^ TermP . Then we have 

1. T\- aRp ^ T h pRa 

2. TV- aR(3 and T h pR-y ^ T h aR'y 

3. T\- aRP ^ T h -^aR^P 

4. T\- aRp and T ha A =^ Th pA-f 

5. TV- aRP and T hay =^ Th py-f 

6. TV- aRP ^ TV- UaRup 

7. h a V 

8. T\-a =^ ThaWP 

Proof: 
1) 

(1) ThaRP 

(2) T V- {aRP)R{PRa) by A12 

(3) T \- -^{{aRP)R{PRa)) V {-^{aRp) V {pRa)) by A13 

(4) Th {-^{aRp)\/ {PRa)) hy DS 2,2 

(5) ThpRa by 135 1,4 

2) Is easily from A2 and two application of the DS. 

3) Follows from A3. 
4) 

(1) ThaRP 
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equiv 1 

by item 5 and AlO 



(2) rhaA7 

(3) T\- -n{aRp)\/ {{aA-f)R{l3 A-/)) by A4 

(4) r h (a A 7)i?(/3 A 7) by DS 1,2 

(5) ^{a A j)R{f5 A 7) V {^{a A 7) V (/? A 7)) by A4 

(6) r h /3 A 7 by DS 5,4,2 

5) Follows by item 4, A9 and AlO. 
6) 

(1) ThaRP 

(2) r h (a A /?) V (-a A ^P) 

(3) Th (a A/3) V^(aV/3) 

(4) h ^((a A /3) V ^(a V /?)) V ((a A /3) V ^□(a V /?)) by A22 

(5) r h (a A /3) V -.□(« V P) by 4,3 

(6) T h □((« A /?) V ^n{a V /?)) by 4,3 

(7) T h □(« A /?) V ^0(0 V P) by A13, A19 

(8) T h (Da A □/?) V ^□(a V /?) by item 5 and A17 

(9) ^((Da A □/?) V ^0(0; V P)) V (^(□(a V /3) V (^Da A ^D/?)) V ((□« A 
np) V (^Da A by A23 

(10) □(« V/3) V (-.Dq; A^n/3) 

(11) (□« A □/?) V (-.□« V ^D/?)) 

(12) rhnai?n/3 

7) Follows from Al and A13. 
8) 

(1) Tha 

(2) r h (a V ^Q;)i?((a V ->a) V /3) by A3, A8, AlO 

(3) r h (a V -la) V /? by item 7 and A13 



by A24 

by SD 8,9,10 

equiv 1 
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(4) h ^((a A /3) V ^(a V 0)) V ((a A /3) V ^0(0 V 0)) by A22 

(5) h V (a V /3) by 4, A5, A3, AlO 

(6) h a V /3 by 05 1, 5 □ 

Proposition 4.4 Axioms of the {Term° ,\-) are tautologies. 

Proof: For AO... A13 see ([17, Chapter 4.15 ]). A22...24 follow from 
Proposition 3.5. □ 

Theorem 4.5 Let T be a theory. If for each a € TermP we consider the set 

[a] = {(3 : T \- aRP} then Lt = {[a] : a S Term°} determines a partition 
in equivalence classes of TermP . Defining the following operation in Lj- 

[a] A [/3] = [aA(3] ^[a] = [-^a] = [0] 
[a] V [P] = [a V /?] n[a\ = pa] 1 = [1] 

then we have 



1. {Lt, V, A, -1, □, 0, 1) is a Boolean saturated orthomodular lattice. 

2. T \- a if and only if [a] = 1 

Proof: 1) By Al and Proposition 4.3 (item 1 and 2) = {[a] : a G 
Term°} is a partition in equivalence classes of Term° . By Proposition 4.3 
(item 3 and 6) V,A,-i,n are well defined in Lt. By A0...A13 and ([17, 
Proposition 4.15. 1]) Lx is an orthomodular lattice. By A14...A21 and 
Proposition 4.4, Lt is boolean saturated. 2) Assume that T \- a, then we 
have that: 

(1) Tha 

(2) r h Q;i?(a A (a V -.a)) by A7 

(3) T h a A (a V ^a) by 1 and A13 

(4) r I- (a A (a V -.a)) V (-.a A -.(a V -.a)) by 3 and Prop. 4.3 8 

(5) T h aR{a V -^a) equiv in 4 
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resulting [a] = 1. On the other hand, if [a] = 1, we have that T h 
aR{a V -la). Using Proposition 4.3 7 and Axl3, it results T \- a. □ 

The following theorem establishes the strong completeness for (Term^,!-) 
with respect to the variety OMC°. 

Theorem 4.6 Let a G TermP and T be a theory. Then we have that: 

TV- a T ^oMC° oi 

Proof: If T is inconsistent, this result is trivial. Assume that T is con- 
sistent. =>) Immediate. <^=) Suppose that T does not prove a. Then, 
by Proposition 4.5, [a] ^ 1. Then the projection p : TerviP — > Lt with 
p{ip) = Yp\ is a valuation such that p{<^) = 1 for each (p E T and p{a) ^ 1. 
Finally we have that not T \=oMC'^ ^k- '-' 

Corollary 4.7 (Compactness) Let a G TermP and T he a theory. Then 
we have that, T \=oMC° iff there exists a finite subset Tq C. T such that 
To \=OMC° Oi- 

Proof: In view of Theorem 4.6, if T \=oMC° ol then T\- a. If • • • (/p^, a 
is a proof of a from T, wc can consider the finite set Tq = E T : ipi 
{ai, ■ ■ ■ an}}. Using again Theorem 4.6 we have Tq \=omc° ol. □ 

We can also establish a kind of deduction theorem. 

Corollary 4.8 Let 7, a € TerwP and T be a theory. Then we have that: 

ru{7}l-Q; iff Th^a-fVa 

Proof: By Theorem 4.6 we will prove that ru{7} \=oMC" a iff T \=oMC° 
-•□7 V a. By Corollary 4.7 T U {7} \=oMC° ol iff there exists ip\ . . .(pn ^T 

such that [pi A ... A pn) A 7 \=OMC° o;- Let ip = ipi A . . . A ipn- Then 
A 7 \=oMC" implies that ((^ A 7) V -'□(7) \=OMC° "•^7 V a and then 
if V -107 \=oMC° V a since for each valuation v, v{U'~f) is a central 

element and v{j V -'□7) = 1. Since ip \=oMC° V V -■□7 we have that 
^ \=OMC° °7 V a thus T \=oMC° "'°7 V a. 

On the other hand, if T \=oMC° "■^7 V a we can consider again (p = 
(pi A . . . A ipn such that tpi . . .tpn G T and (p \=oMC° "'^7 V a. Therefore 
ip A ^7 \=oMC° '-'7 A ("'1^7 V a) and then ip A ^7 1^7 A a since for 
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each valuation v, v{0'y A (-'□7 V a)) = v{0'y A a) taking into account that 
v{aa) is always a central element. Since 07 A a \=oMC" we have that 
^p \=OMCP OL- Applying Lemma 4.1 we have that □((^ A ^7) \=oMC" « 
hence □(/? A ^7 \=oMC° and (/? A 7 \=oMC° ^ view of Axiom 5*4 of 
OML^. Thus T U {7} |=o>i£° a. □ 



5 Modal orthomodular frames and Kripke-style 
semantics 

In order to establish a Kripke-style semantics (Term° , h) we first introduce 
el concept of modal Baer semigroups which constitute a sub-class of Baer 
*-semigroups. 

Definition 5.1 A modal Baer semigroup is a Baer ^-semigroup G such that 
(Pc(G), A, V/ , 0, 1) is a Boolean saturated orthomodular lattice. A modal 
orthomodular frame is a pair {G, u) such that G is a modal Baer semigroup 
and -u is a valuation u : TermP — > Pc{G) 

We denote by MOJ-" the class of all modal orthomodular frames. The 
following result is a representation theorem by modal Baer semigroups of 
Boolean saturated orthomodular lattices. 

Theorem 5.2 Let A G OMC°, then there exists a modal Baer semigroup 
G{A) such that A is OMC° -isomorphic to Pc{G{A)). 

Proof: Let A G OMC^ . By Theorem 1.5 there exists a Baer *-semigroup 
G such that A is OA4£-isomorphic to Pc{G{A)). Since OA^>C-isomorphisms 
preserve supremum of central elements we have that Pc{G{A)) G OM.C° and 
then, G{A) e MBS. □ 

Note that we can easily prove that \=oMC'^ t = 1 iff for all modal Baer 
semigroups G we have that |=p^((3) t = 1. 

Proposition 5.3 Let {G, u) be a modal orhomodular frame and t,s G TermF 
Then we have that: 

1. u{tAs)-G = {u{t) ■ G) n {v{t) ■ G), 

2. u{-^t) ■G = {xeG:\/ye u{t) ■ G, y* ■ x = 0} 
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3. u{at) ■G = [J{x-G -.xG Z{Pc{G)) and x < v{t)}. 

Proof: 1) Follows from an analogous argument used in [20, Theorem 3.13]. 
2) See the proof of [20, Lemma 3.16-3]. 3)We first note that u{t) > Ou{t) = 
u{at) G Z{Pc{G)). Thus u{at) -G €{x-G -.xe Z{Pc{G)) and x < u{t)} 
and then u{t) ■ G C \J{x ■ G : x e Z{Pc{G)) and x < u{t)}. On the other 
hand, if x G Z{Pc{G)) and x < u{t) then x-G Q u{at) ■ G since x < u{Ot). 
Hence \J{x ■ G : x e Z{Pc{G)) and x < u{t)} C u{t) ■ G. □ 

Definition 5.4 Let {G,u) be a modal orhomodular frame. Then we define 
inductively the forcing relation H(Gu)— ^ ^ Term° as follows: 

1. |=^g p iff a; G u{p) ■ G, for each variable p G Term'-', 

2- H^G,«> « /\ iff H(G,«> « and hf^^) 

3- hhu) iff ^5 e G, H?G,«> a ^ 5' • ^ = 0, 

4. \=^Q Da iff X = z ■ g such that 2; G Z(Pc(G)) and a. 

The relation \=^q „^ ct is read as a is true at the point x in the modal 
orthomodular frame {G,u) and by \=(g,u) ^ we understand that for each 
X G G, |=^Gy^ OL. Generalizing, if T is a theory, ^(g,u) ^ means that, for 
each (3 & T we have that \={g,u) P- With these elements we can establish 
a notion of consequence in the Kripke-style sense that will be noted by 
T \=MOT OL. 

T^MOTOL iff y{G,u)eMOJ^, ^^g,^^ r^h(G,«> a 

Let a G TermP, T be a theory and (G, u) be an orthomodular frame. Then 
we consider the following sets: 

I a \(G,u)= {xeG ■.h'{G,u) "} 

I T \{G,u)= n I ^ \{G,u) 

/3eT 

Proposition 5.5 Let a G TerrrP, T he a theory and {G,u) be a modal 
orthomodular frame. Then we have that: 

1- I OL \{G,u)= u{ol) ■ G, 
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2- ^{G,u)T iff \T\^G,u)=G 

Proof: 1) We use induction on the complexity of terms. If a is a variable 
the proposition results trivial. If a is PAj or we refer to [20, Lemma 3.16]. 
Suppose that a is D/J. We prove that ?x(n/3)-G C | □/? By Proposition 

1.3-1 and by inductive hypothesis, we have that u(n/3) ■ G = □(■u(/3)) ■ G C 

u{(3) ■G=\P |(G,«). Then • 1 = □(n(/3)) g| (3 \^g,u) i-e., Hg^if" 

Thus if X G u{0(3) ■ G then x = □(ti(/3)) • g and, taking into account that 
□ (m(/3)) G Z(Pe(G)), it results that x g| □/? \(^q.u)- On the other hand, if 
X £ I |(G,u)) then X = z ■ g such that z G Z(Pc(G')) and ^ G | /3 \(g,u)- 
Then by inductive hypothesis we have that z = u{P)-go < u(/3)-l = u{P). By 
the lattice-order definition of □(«(/?)) it is clear that z < = u{0{P)). 

Therefore z-GC u{a{l3)) ■ G. Hence x G «(□(/?)) • G. 

2) Using the above item, \=(g,u) T iff V/3 G T, ^(g,«> /? iff V/3 G T, 
I /3 l{G,u)= G iff G = fl/JeT I l(G,«) = l ^ \{G,u) ° 

Theorem 5.6 [Kripke style completeness] Let a G Term'-' and T be a the- 
ory. Then we have 

Proof: Suppose that T \=oMC° ct- By Corollary 4.7 there exists 71, . . . 7„ G 
T such that if we consider 7 as 71 A ... A 7^ then 7 \=oMC° ck- By Corollary 
4.8 we have that \=oMC° V a. Let {G,u) be a modal orthomodular 
frame such that H(G,u) ^- Proposition 5.5 and Proposition 1.3-1 we have 
that I 7 |(g,m)= and then ;/,(7) = 1. But ^(7) = 1 implies u{^^i) = 1 and 
-in(n7) = 0. Therefore, necessarily ■u(a) = 1, and | a |(g,u)= Hence 

On the other hand we assume that T \=mot «• Suppose that T '^oMC° 
a. Then there exists A G OAdC^ and a valuation v : Term''' — > A such 
that f(r) = 1 but v{a) 7^ 1. By Theorem 5.3 there exists a modal Bacr 
semigroup G{A) such that A is OTW^C^-isomorphic to Pc{G{A)) being / : 
A Pc{G{A)) such isomorphism. Consider the modal orthomodular frame 
{G{A),fv). Then for each /3 G T we have that | /3 \{G{A),fv)= fv{P)-G{A) = 
l-G(^) = G{A). Therefore | T \(g{A)Jv) = G{A) and \=(g{A)Jv) T in view of 
Proposition 5.5. By Proposition 1.3-1 | a \(G{A),fv)= /^(ck) ' G{A) / G{A) 
again since fv{a) < 1. Then '^(g{A)Jv) Q; which is a contradiction. Hence 
T \=OMC° OL. □ 
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Conclusions 

We have developed a logical system based on the orthomodular structure of 
propositions about quantum systems enriched with a modal operator. We 
have obtained algebraic completeness and completeness with respect to a 
Kripke-style semantic founded on Baer *-semigroups. The importance of 
this structure from a physical perspective deals with the interpretation of 
quantum mechanics in terms of modalities. 
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